
8.�-XQLRU�0DWKHPDWLFDO�2O\PSLDG������6ROXWLRQV

$� � $�WZR�GLJLW�SULPH�FDQQRW�HQG�ZLWK�D������RU�����6R�ZH�QHHG�RQO\�FKHFN��������DQG����
HDFK�RI�ZKLFK�LV�SULPH�

$� ���FP $V�WKH�VTXDUH�KDV�D�SHULPHWHU�RI����FP��LW�PXVW
KDYH�D�VLGH�OHQJWK�RI��FP��8QIROGLQJ�WKH�VTXDUH
RQFH�JLYHV�D���FP�î���FP�UHFWDQJOH�
7KLV�UHFWDQJOH�FDQ�WKHQ�EH�XQIROGHG�DERXW�HLWKHU�D
ORQJ�HGJH�RU�D�VKRUW�HGJH�UHVXOWLQJ�LQ�D���FP�î���FP
VTXDUH�RU�D����FP�î���FP�UHFWDQJOH���7KH�SHULPHWHUV
RI�WKHVH�DUH����FP�DQG����FP�UHVSHFWLYHO\�

$� x = �� 5HDUUDQJLQJ�WKH�HTXDWLRQ��ZH�KDYH� �
DQG�VR� �
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$� � 7KH�GLJLWV�RI�D�WKUHH�GLJLW�QXPEHU�ZKRVH�SURGXFW�LV���PXVW�EH�HLWKHU�WZR��V�DQG�D����RU
D������DQG�����,Q�WKH�ILUVW�FDVH��WKHUH�DUH�WKUHH�FKRLFHV�ZKHUH�WR�SXW�WKH����LQ�WKH�RWKHU
FDVH��WKHUH�DUH�WKUHH�FKRLFHV�IRU�WKH�ILUVW�GLJLW�DQG�WKHQ�WZR�FKRLFHV�IRU�WKH�VHFRQG�
+HQFH��DOWRJHWKHU��WKHUH�DUH���VXFK�QXPEHUV����������������DQG��������������������
���������

$� �� 7KH�VPDOOHU�DUHD�PXVW�EH�HLWKHU�D�UHFWDQJOH�RU�D�WULDQJOH�RI�DUHD�����7KHUH�DUH�RQO\�WZR
VXFK�UHFWDQJOHV��RQH�DW�HDFK�HQG��DV�VKRZQ���7KH�WULDQJOH�QHHGV�WR�KDYH�EDVH���DQG
KHLJKW����RU�YLFH�YHUVD���7KHUH�DUH�WZR�SRVLWLRQV�RQ�HDFK�HGJH�IRU�WKH�EDVH��6R�ZH�JHW
HLJKW�WULDQJOHV�WKLV�ZD\��DV�VKRZQ�

$� � )DFWRULVLQJ������LQWR�WKH�SURGXFW�RI�LWV�SULPH�IDFWRUV�JLYHV� ��7KH
IDFWRUV�RI������DUH�HLWKHU���RU�WKH�QXPEHUV�OHVV�WKDQ�RU�HTXDO�WR������ZKRVH�SULPH
IDFWRUV�DUH�RQO\���RU�����2I�WKH�ODWWHU��WKH�VTXDUH�QXPEHUV�DUH�WKRVH�ZKHUH�WKH�SRZHUV
RI���DQG�RI���DUH�HYHQ��6R�WKH�VTXDUH�QXPEHUV�WKDW�DUH�IDFWRUV�RI������DUH� �� �� �� �
�� �� �DQG������LWVHOI

���� = �� × ��

� �� �� ��
�� �� × �� �� × ��

>Alternatively��$�IDFWRU�RI������LV�D�VTXDUH�QXPEHU�LI�DQG�RQO\�LI�LWV�VTXDUH�URRW�LV�D
IDFWRU�RI� ��7KHUH�DUH�HLJKW�IDFWRUV�RI���������������������������DQG����@���� = ��



$� x = � $V�WKH�ERWWRP�URZ�DQG�WKH�GLDJRQDO�UXQQLQJ�IURP���WR
�KDYH�WKH�VDPH�VXP�� ��WKH�PLGGOH�VTXDUH�PXVW
FRQWDLQ�WKH�QXPEHU����7KXV�WKH�UHPDLQLQJ�QXPEHUV�LQ
WKH�WRS�URZ�PXVW�EH� ��IURP�WKH�VHFRQG�FROXPQ�
DQG� ��IURP�WKH�GLDJRQDO���&RQVLGHULQJ�WKH�WRS
URZ��ZH�KDYH� ��WKXV

�

x x + �

x + �
x + �

x + � + x + � + � = x + �
x = �

x + � x + � �

�

x � �

>Alternatively��,W�LV�ZHOO�NQRZQ�WKDW�WKH�PDJLF�VXP�RI�D� �PDJLF�VTXDUH�LV�WKUHH
WLPHV�WKH�PLGGOH�QXPEHU���2QFH�WKH�PLGGOH�QXPEHU�LV�NQRZQ�LW�IROORZV�WKDW� �@

� × �
x = �

$� � $IWHU�$QQLH�KDV�WDNHQ�KHU�ODVW���VZHHWV��OHW� �EH�WKH�QXPEHU�RI�VZHHWV�WKDW�&ODUULH�
/L]]LH�DQG�$QQLH�KDYH�DQG� �EH�WKH�QXPEHU�RI�VZHHWV�OHIW�IRU�'DQQL��ZKHUH� �
$IWHU�'DQQL�WDNHV�WKH�UHPDLQLQJ� �VZHHWV��VKH�KDV�D�WRWDO�RI� �

x
s � < s < �

s x − � + s

/HW�WKH�WKUHH�JLUOV�HDFK�JLYH� �VZHHWV�WR�'DQQL��VR�WKDWe

x − e = x − � + s + �e
ZKLFK�JLYHV

�e = � − s.
%HFDXVH� ��ZH�KDYH� �� < �e < � e = �

>Alternatively���6LQFH�WKH�JLUOV�HQG�XS�ZLWK�HTXDO�QXPEHUV�RI�VZHHWV��WKH�WRWDO�QXPEHU
LV�D�PXOWLSOH�RI�����7KH\�KDYH�DOO�SLFNHG�PXOWLSOHV�RI���H[FHSW�IRU�WKH�ILQDO�QXPEHU
SLFNHG�E\�'DQQL��DQG�VR�VKH�JHWV���VZHHWV�LQ�KHU�ODVW�WXUQ���,I�HDFK�RI�WKH�WKUHH�RWKHU
JLUOV�JLYHV�'DQQL���VZHHW��WKH\�DOO�HIIHFWLYHO\�JDLQ���VZHHWV�LQ�WKHLU�ODVW�WXUQ��ZKHUHDV
LI�WKH\�HDFK�JDYH�PRUH�WKDQ���VZHHW��'DQQL�ZRXOG�KDYH�PRUH�WKDQ�WKHP�@

$� ���° 7ULDQJOH� �LV�LVRVFHOHV��VR�OHW� �BCD ∠DBC = ∠BDC = x°

7KHQ� �∠BCD = ∠ACD = (��� − �x)°

6LQFH�WULDQJOH� �LV�DOVR�LVRVFHOHV�
��DQG�VR� �

DQG�KHQFH� �

ABC
∠ACB = ∠ABC = x° x = ��� − �x + ��� − �x

x = ��

7KXV� �∠CDA = (��� − x) ° = ���°
CB
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A

x

x

(���−�x)

(���−�x)

$��
(�� + �π)
 FP�

$GGLQJ�WKH�FRQVWUXFWLRQ�OLQHV�VKRZQ��ZH�FDQ�VHH�WKDW
WKH�DUHD�RI�WKH�VKDSH�
 �WKH�DUHD�RI�WKH�VTXDUH���DUHD�RI���TXDUWHU�FLUFOHV

�= (� × �)� + π × �� = (�� + �π) FP�



%� 7DPVLQ�KDV�D�VHOHFWLRQ�RI�FXELFDO�ER[HV�ZKRVH�LQWHUQDO�GLPHQVLRQV�DUH�ZKROH�QXPEHUV�RI
FHQWLPHWUHV��WKDW�LV�� �� ��DQG�VR�RQ�� FP× � FP× � FP � FP× � FP× � FP
:KDW�DUH�WKH�GLPHQVLRQV�RI�WKH�VPDOOHVW�RI�WKHVH�ER[HV�LQ�ZKLFK�7DPVLQ�FRXOG�ILW�WHQ�UHFWDQJXODU
EORFNV�HDFK�PHDVXULQJ� �ZLWKRXW�WKH�EORFNV�H[WHQGLQJ�RXWVLGH�WKH�ER["� FP × � FP × � FP

Solution
7KH�WRWDO�YROXPH�RI����EORFNV��HDFK� ��LV

�
7KH�YROXPHV�RI�D���FP�FXEH��D���FP�FXEH�DQG�D���FP�FXEH
DUH� �� �DQG� �UHVSHFWLYHO\�VR�WKHVH�FXEHV
FDQQRW�FRQWDLQ�WKH����EORFNV�

� FP× � FP × � FP
�� × � × � × � = �� FP�

� FP� � FP� �� FP�

6R�WKH�VPDOOHVW�possible�FXEH�LV�D���FP�FXEH�DQG�WKH�GLDJUDP
RQ�WKH�ULJKW�VKRZV�KRZ�VXFK�D�FXEH�FDQ�KROG�WKH����EORFNV�

%� (DFK�RI�WKH�QXPEHUV�IURP���WR����LV�WR�EH�SODFHG�LQ�WKH�FLUFOHV
VR�WKDW�WKH�VXP�RI�HDFK�OLQH�RI�WKUHH�QXPEHUV�LV�HTXDO�WR� ��
)RXU�QXPEHUV�KDYH�DOUHDG\�EHHQ�HQWHUHG�

T

)LQG�DOO�WKH�SRVVLEOH�YDOXHV�RI� �T

Solution
/HW� �EH�WKH�QXPEHU�LQ�WKH�FLUFOH�LQ�WKH�XQILOOHG�ERWWRP�FRUQHU�RI�WKH�SHQWDJRQ�x
$OO�WHQ�QXPEHUV�DUH�XVHG�RQFH�DQG�RQO\�RQFH�DQG�VR�WKH�VXP�RI�WKH�QXPEHUV�LQ�DOO�WHQ�FLUFOHV
LV� �� + � + � + � + � + � + � + � + � + �� = ��
1RZ��FRQVLGHU�WKH�QXPEHUV�DV�WKH\�DSSHDU�LQ�WKH�ILYH�OLQHV�RI�WKUHH�FLUFOHV���:KHQ�WKHVH�ILYH
VHWV�RI�QXPEHUV�DUH�DGGHG��WKH�FRUQHU�QXPEHUV��������������� ��ZLOO�EH�LQFOXGHG�WZLFH�VR�WKH
VXP�LV

x

�T − � − � − � − �� − x = �T − x − ��.
(TXDWLQJ�WKH�WZR�VXPV��ZH�KDYH� �ZKLFK
JLYHV� �

�T − x − �� = ��
�T = �� + x

6LQFH� �LV�DQ�LQWHJHU�� �LV�D�PXOWLSOH�RI����ZKLFK�PHDQV�WKDW
�PXVW�EH�HLWKHU���RU���

T �T
x
,I� �WKHQ� ��ZKLOH�LI� �� �x = � T = �� x = � T = ��
7KH�ILUVW�GLDJUDP�VKRZV�WKDW� �� �LV�D�SRVVLELOLW\�
ZKLOH�LQ�WKH�VHFRQG�GLDJUDP�� �� �IRUFHV� �
UHSHDWLQJ�WKH���LQ�WKH�WRS�FRUQHU�

x = � T = ��
x = � T = �� y = �

7KXV�WKH�RQO\�SRVVLEOH�YDOXH�RI� �LV����T
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>Alternatively���/HW�WKH�QXPEHU�LQ�WKH�FLUFOH�EHWZHHQ���DQG����EH� ��7KHQ�WKH�WRWDO�IRU�HDFK
OLQH� �LV� ��DQG�VR�WKH�QXPEHU�LQ�WKH�FLUFOH�EHWZHHQ���DQG���LV� ���<HW�WKLV�LV�EHWZHHQ
��DQG����DQG�FDQQRW�EH���RU�����DQG�VR� �RU� ��

a
T a + �� a + �

a = � a = �
,I�ZH�WU\� ��ZH�JHW� ��EXW�WKHUH�LV�QR�ZD\�RI�FRPSOHWLQJ�WKH�RWKHU�OLQH�LQFOXGLQJ
WKH�����ZLWKRXW�UHXVLQJ�HLWKHU�WKH���RU�WKH���

a = � T = ��

,I�ZH�WU\� ��ZH�REWDLQ�WKH�VROXWLRQ�VKRZQ�DERYH��DQG�KHQFH� �LV�WKH�RQO\
SRVVLELOLW\�@

a = � T = ��



%� ,Q�WKH�GLDJUDP� �DQG� �DUH�FRQJUXHQW�UHFWDQJOHV�
7KH�VLGH� �SDVVHV�WKURXJK�WKH�SRLQW� �DQG� �

ABCD APQR
PQ D ∠PDA = x°

)LQG�DQ�H[SUHVVLRQ�IRU� �LQ�WHUPV�RI� �∠DRQ x

 x°

Solution
6LQFH� �LV�D�UHFWDQJOH��WKH�OLQHV� �DQG� �DUH�SDUDOOHO�
7KXV� ��DOWHUQDWH�DQJOHV��VR� �

APQR AR PQ
∠PDA = ∠DAR ∠DAR = x°

6LQFH� ��WULDQJOH� �LV�LVRVFHOHV�DQG�VR
�

DA = RA DAR
∠ARD = ∠ADR = �

� (��� − x) ° = (�� − �
�x) °

+HQFH��VLQFH� �� �∠ARQ = ��° ∠DRQ = �
�x°

 x°
x°

%� )RU�HDFK�SRVLWLYH�WZR�GLJLW�QXPEHU��-DFN�VXEWUDFWV�WKH�XQLWV�GLJLW�IURP�WKH�WHQV�GLJLW��IRU
H[DPSOH��WKH�QXPEHU����JLYHV� �� − � = −�
:KDW�LV�WKH�VXP�RI�DOO�KLV�UHVXOWV"

Solution
7KH�WZR�GLJLW�QXPEHUV�UXQ�IURP����WR����
:H�PD\�FDWHJRULVH�WKHVH�QXPEHUV�LQWR�WKH�IROORZLQJ�IRXU�VHWV�
� �^WKH�QXPEHUV� �ZKHUH� �DQG� �DUH�VWULFWO\�SRVLWLYH�DQG� `P ab a b a < b
� �^WKH�QXPEHUV� �ZKHUH� �DQG� �DUH�VWULFWO\�SRVLWLYH�DQG� `Q ab a b b < a
� �^WKH�SDOLQGURPHV� `R aa
� �^WKH�QXPEHUV� �ZKHUH� �DQG� `�S ab a > � b = �
)RU�QXPEHUV� ��WKH�XQLWV�GLJLW�VXEWUDFWHG�IURP�WKH�WHQV�GLJLW�LV� �µab¶ a − b

7KH�UHVXOW� �IURP�HDFK�RI�WKH�QXPEHUV�LQ�VHW� �FDQ�EH�PDWFKHG�ZLWK�WKH�UHVXOW�
IURP�HDFK�FRUUHVSRQGLQJ�QXPEHU�LQ�WKH�VHW� ��JLYLQJ�D�WRWDO�RI� �

a − b P b − a
Q (a − b) + (b − a) = �

)RU�HDFK�RI�WKH�QXPEHUV�LQ�VHW� �WKH�UHVXOW�LV� �ZKLFK�LV���R a − a
)LQDOO\��ZKHQ�ZH�FRQVLGHU�DOO�RI�WKH�QXPEHUV�LQ�VHW� ��WKH�UHVXOW�LV

���6R�WKH�WRWDO�LV����
S

� + � + � + � + � + � + � + � + �

>Alternatively���7KH�XQLWV�GLJLWV�IRU�DOO�WKH�WZR�GLJLW�LQWHJHUV�FRPSULVH�WKH�QXPEHUV��������������
HDFK���WLPHV��FRPLQJ�DIWHU���������������
7KH�WHQV�GLJLWV�DUH������������������HDFK�FRPLQJ����WLPHV��EHIRUH����������������
7KH�GLIIHUHQFH�LV�WKXV����������������������������������� ����@



%� ,Q�WKH�GLDJUDP��WKH�UHFWDQJOH� �LV�GLYLGHG�LQWR
WKUHH�FRQJUXHQW�UHFWDQJOHV��7KH�OLQH�VHJPHQW�
GLYLGHV� �LQWR�WZR�SDUWV�RI�HTXDO�DUHD�

ABCD
JK

CDFG
:KDW�LV�WKH�DUHD�RI�WULDQJOH� �DV�D�IUDFWLRQ�RI�WKH
DUHD�RI� "

AEI
ABCD

Solution
/HW� � �WKH�DUHD�RI� �a AEI
:H�KDYH� �DQG� ���$OVR�WKH�WULDQJOHV� �� �DQG� �DUH
VLPLODU�VLQFH� �LV�FRPPRQ�DQG�WKH�DQJOHV�DW� �DQG� �DUH�ULJKW�DQJOHV���+HQFH�WKH�DUHD�RI

��WKH�DUHD�RI� �DQG�VR�WKH�DUHD�RI� �

AF = � × AE AD = � × AE AEI AFJ ADK
∠A E, F D

ADK = �a AFJ = �a DFJK = �a − �a = �a
6R�WKH�DUHD�RI� �DQG�WKH�DUHD�RI� �DFGC = � × �a = ��a ABCD = � × ��a = ��a

7KXV� �
 AEI

DUHD  ABCD
= �

��
DUHD

%� ,Q�D�VHTXHQFH�RI�SRVLWLYH�LQWHJHUV��HDFK�WHUP�LV�ODUJHU�WKDQ�WKH�SUHYLRXV�WHUP��$OVR��DIWHU�WKH
ILUVW�WZR�WHUPV��HDFK�WHUP�LV�WKH�VXP�RI�WKH�SUHYLRXV�WZR�WHUPV�
7KH�HLJKWK�WHUP�RI�WKH�VHTXHQFH�LV�������:KDW�LV�WKH�QLQWK�WHUP"

Solution
/HW�WKH�ILUVW�WZR�WHUPV�EH�WKH�SRVLWLYH�LQWHJHUV� �DQG� ��6R�WKH�ILUVW�QLQH�WHUPV�RI�WKH
VHTXHQFH�DUH�

a b

a, b, a + b, a + �b,  �a + �b,  �a + �b,  �a + �b,  �a + ��b,  ��a + ��b.

�a + ��b = ���7KXV

�a = ��� − ��b = �� (�� − b) . (∗)JLYLQJ
6R� �LV�D�PXOWLSOH�RI�����DQG�KHQFH� �LWVHOI�LV�D�PXOWLSOH�RI�����a a

6LQFH� ��LI� �WKHQ� ��L�H��
ZKLFK�PHDQV� �DQG�WKH�VHTXHQFH�ZRXOG�QRW�EH�LQFUHDVLQJ�

�a = ��� − ��b a ≥ �� ��� − ��b ≥ � × �� ��b ≤ ��� − ��� = ���
b ≤ �� < a

6R� �DQG� �JLYLQJ� �a = �� ��b = ��� − �� × � b = ��

7KXV�WKH�QLQWK�WHUP�LV� ���a + ��b = �� × �� + �� × �� = ��� + ��� = ���

>Alternative ending��)URP�WKH�VWDUUHG�HTXDWLRQ�� �LV�D�PXOWLSOH�RI����DQG�KHQFH�FRXOG�EH
���������RU������7KLV�PHDQV�WKDW� �FRXOG�EH������������RU����IURP�ZKLFK�WKH�FRUUHVSRQGLQJ
YDOXHV�RI� �DUH�����������DQG����

�� − b
b

a
:H�NQRZ�WKDW� ��VR�WKH�RQO\�SRVVLELOLW\�KHUH�LV� �DQG� �� < a < b a = �� b = ��
7KXV�WKH�QLQWK�WHUP�LV� �@��a + ��b = �� × �� + �� × �� = ��� + ��� = ���


